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Abstract: In this dissertation we have discussed extra apgajroup. A finite non- abeliag-group is called extra specigt
group if its center is exactly equal to its commartsubgroup. Here we have discussed extra sgegeadups and we have find
that every non-abelian group of ordet is extra specigp-group. In particular ifp = 2 then we have two extra speciabroups
one is dihedral grou, and another is Hamiltonian groi}x. Here we have also discussed th&f i non-abelian group of
orderpa, thenZ (&) has ordein. We have thoroughly discussed the following theorket & be a finite extra special group.
Then it is central product of non-abelian groupoxferp?. In particularG is of orderp*™** for somem. To prove above

theorem we have gone through solvability and népoy in groups, Frattini subgroups, and differgpetof bilinear forms.
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[. INTRODUCTION
Algebra is one of the broad parts of Matheosati

together with number theory, geometry and analysis.
historical reasons, the word “algebra” has seveshdted
meaning in mathematics, as a single word or withlifjes.
The word algebra originated from the title of treok* al-
Kitab al-mukhtasar fi hisab al-jabr w'al-muqgaliala book
written during the ninth century the Arabian matlagisian
named Al-Khwarizmi. The original title was tranddtas
the science of restoration and reduction, basicatyaning
transposing and combining similar terms of equation
Translated in Latin to al-jabr (the union of brokearts).
led to the term we now refer to as algebra, Algelees
brought from ancient Babylon, Egypt and India tadpe
via ltaly by the Arabs. One of the most fundamental
concept in Mathematics today is that of a grouprn@eof
group was present , even in ancient times , irsthdy of
congruences of Geometric figures and also in thdysof
motions in space .It started taking shape in thginming
of the nineteenth century . One of the most chgltem
problem at this time was the problem of solvabildal
general polynomial equations of degrae; g by field and

radical operations (addition, subtraction, multption,
division by non-zero elements and takizg" roots for
different m ). Abel and Ruffini proved, using the structure
of the set of permutations on the set of roots e t
polynomials that a general™ degree equation > 5 is
not solvable by field and radical operations. Galoi
motivated by the work of Abel , attached , to every
polynomial equation a structure (called the Gafpmup of
the polynomial equation ) and proved that a polyiam
equation is solvable by field and radical operaidnand

only if the structure ( namely the Galois groupkgeEss a
property ( called the solvability ). In the secohdlf of

the nineteenth century the notion of the congrugnufe
Geometric objects was generalized. The development
during this period was influenced by the work ofeLi
Klein, Poincare and Dehn. The importance of thel\stf
permutation Groups, Continuous Groups, Groups of
homeomorphisms and Fundamental Groups was realized
and this lead to the formulation of an Abstract @roThe
notion of an abstract group is present in the wofkSaley

and Vondyck.

The theory of groups developed slowly but dilgan
the first half of the twentieth century with somery
significant contributions by Burnside, Schreieti&l and
others. Theory of finite groups picked up momentuiihn
the works of Brauer and his students in 1955. Thedr
groups, now, has tremendous applications and stténe
itself. There are four major sources in the evolutof
group theory. They are:

1. Classical algebra. (J.L. Lagrange, 1770).

2. Number theory (C.F. Gauss, 1801).

3. Geometry (F.Klein, 1874).

4. Analysis (S.Lie, 1874, H. Poincare and F. Klein,
1876).

A. Objectives
e To study extra specigh —group.

e To find extra specialp —groups of different
orders.
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B. Commutators

Definition 1: Let & be a group. An element of the form,
a b lab which is denoted by a, b) is called a
commutator. The subgrouy’ of {f generated by all
commutators off is called the commutator Subgroup or
the derived subgroup «f and denoted by, G]. Thus
G'=[G, Gl=<(a,b) |a,bEG =.

Definition 2: Let 4 and E be subsets of a grouf.The
subgroup generated byd( k) | @ € 4, b € B} is denoted
by [4, E].

Proposition: Let & be a group ang, & andc be elements
of .

(@, b)={e} if and only ifa andb commute.

ba(a, b)=ab.

(a,b) 7*=(b,a) .

[4, B]=[B, A].

(ab, c)=(a, )*(b, o).

(a, be)=(a,c) (a, b)~.

(a,b) °=(a®,b)=(a,b ). Wherea ¢ meansc ~1ac.

NogakrowdhPE

From (above proposition 1), we understand that

commutators measure, so to speak, how non-abelian a

group is. When the set of commutators consists offil{,
then the group is abelian. Rather sloppily, the emor
nonidentity commutators a group has, the more el

(7 fail to commute with other elements &f and the more
non-abelian is.

Corollary: [, G] = 6.

Proof: To proveli’ = G, let (@, b) EG" andg £ G.

g (ab) g7t=g(a™tb7lab) g7=(g a™! g™1)
(g b g (g ag? (g b g~1). Justinserted
g~ 1g between each elements. Now note thpta(g™?)
=(ga~t g~1)"LSimilarly (g b g71)= (gb™! g1)7L
So we haveg (a 'b ab) g7=(gat g~1)?
(gbt g g atgNg a™t g7 Ng b7 g7

Theorem 1: Let H be a normal subgroup cf. Then
¢ /H is abelian if and only i7" € H. Also if H is any
subgroup of7 containing(7’, then it is normal irg.

Proof: ¢ /H is abeliane= xH =yH = yH + xH for all
XL VEG e xvH=vxH < x 1y ~lxyH = H for all
LYEG ©@x lylxyyeHforalx,yeEG <
(x,v)EHforallx,yvEG =<(x,v)|x,vEG =isa
subgroup off <= (&' is a subgroup off.

Remark: The commutator subgroup is the smallest normal
subgroup ofiz by which if we factor we get an abelian
group. The quotient grouf¥ /' is the largest guotient
group of(F which is abelian. The group /(7' is called the
abelianizer of7 and is denoted bif_;,.

Definition 3: If & is nonabelian simple group then
fr' = . A group(s is said to be perfect if its commutator
subgroups’ is 7 itself. Thus a nonabelian simple group is
always perfect.

Example 1: S3'=A4: 53 /A5 = {1,—1} is abelian group.
HenceSHr € Az Sincefsjis nonabelian,ﬁ"gf = {I1 and
sinceAj has no nontrivial proper subgroﬁ@f =Aj

Example 2: S3=A4 Ss /As = {1,—1) is abelian and
therefore5'4f € A, The subgroups ofd; which are

normal in&; ared, |V and the trivial group. Sinc&, is
nonabelian it's commutator subgroup is nontriviralrther

sinceS, /V, = S, is nonabelian. Thu§,' = A,

Example 3: Forn =5,5, =A,: SinceS§, /4, & [1,-1)

is abelian,ﬁ"nr € A,. Further forn =5, A,, is simple.
Thus 4, has no nontrivial proper normal subgroups and
sinces, is nonabelian$, = 4.,

Proposition: Let f be a surjective homomorphism frckh
to K. Thenf({H"=K".

Proof: Since f((a, b))=f(a~*b™tak)=f(a) (o) f(alf(2)
=(f(a), f(b)), it follows that f(H") = K' Further let
(¢, d) be a commutator iff{. Since f is surjective, there
exist @, b € H such thatf{a)=¢c, f{b)=d. Then ¢, d)
=(f(a), f(b)=f((a. b)) € f(H'"). Thus all commutators
of K areinf(H") andsck'c f(H).

Corollary: LetH A &. Then(& /H)'=G'H /H.

Proof: The quotient majyr from & to & /H is a surjective
homomorphism and sfG /H)'=v(G') ={g'H |g' €
G'Y={g'hH |g'eG¢' hEH}=G'H /H.

C. Solvable Groups

Definitionl: Let 7 be a group. Define subgrou® of
inductively as follows: Definez® = &'. Assuming that
G™ has already been defined, defiG@*! =[G, G"].
ThusG =G EGlEG e, BGPEG" e, . of

r. This series is called the Commutator Series er th

Derrived Series off and ™ is called thent® term of the
derived series.
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Definition 2: A group (s is said to be Solvable (or Soluble)
if the derived series cff terminates tofe} after finitely
many steps. The smallegtsuch thai(z"= {e} is called the
derived length ofz.

Example 1: The derived series & is: S3° = 53, 531 =
Agq, 537 ={I1. 55 is solvable of derived length

Example 2: The derived series &, is 55°=5., 541:;13,
Sa7=V, 543:{1*]. 54 is solvable of derived length

Example 3: A4z is nonabelian simple group, thus
A:' = A The derived series ofs is As' = A for all §.
Thus A4y insolvable.

Remark: Every abelian group is solvable. SinGé = {e},
then the derived series &fis 7 &= {&} of length1.

Proposition: A Subgroup of solvable group is solvable.

Proof: Let & be a solvable grougd a subgroup of
G.H=H"CG"=G. ' = [H,H] c [6,6] = G'. Suppose
H™c G ThusH*''=[H" H"] C [G",G"] = G™*L.

Proposition: Homomorphic image of a solvable group is
solvable.

Proof: Suppose thaf is a solvable group ard G— H is
surjective homomrphism{;'= [z, G]= < (a, b) |a , b E
G >f((a B)=fa b~ 1ab)=F (a) " f(b) *fa)f (b)
=(f(a), f(b)). Therefore f([G,G]) = [f(G).fG)].
Thusf(G)' = H'.

Proposition: A group & is solvable if and only if it has a
normal series with abelian factors.

Proof: If & is solvable, then the derived series
G=G"EG6'EG6E . . . =6"={g is a normal
series with abelian factors. Conversely supposeifhiaas

a normal serie§ = G; =G, =... =G, = { e } with abelian
factors, i.e(s; /G;34 is abelian ¥i. We show, by
induction, thatG! C G,Vi. =G =G =0y Gy /G, =G /G,

is abelian, therG® = ;. Suppose inductivel#™ € G,..

G, /G,.; is abelian, then|[G,,G.] C G,sq.- Thus
(67,671 € [G,, G, ] € G,eq. ThenG™*t C G,44. Hencels

is solvable.

Example 4: 55 is solvable for§;=A45>{ Il is a normal
series of53 with abelian factors.

Example 5: 5, is solvable for5.,cA4.,5Vc{ 1} is a
normal series of , with abelian factors.

Example 6: For n = L, 5,, is not solvable, >4, >{ I}
and5,>{ I1 are the only normal series and none of them
are with abelian factors.

Proposition: Quotient group of a solvable group is
solvable.

Proposition: Let & be a group and{f is a solvable normal

subgroup of 7 such thatz /H is solvable. Thetg; is also
solvable.

Proof: Since H is solvable it has a normal series
H=HezH'=H*E ... = Hf = {e). SinceG /H is
solvable it has a normal series
G/H=(G/H e (6/H)e(G/H) e . .G /H)={H
for somes, t € N. SinceG*H /H = (G /H), so thatG*

is a subgroup ofH. Thus G't*) is a subgroup of
H< = {e]. Therefore7(t¥%) = [g].

Proposition: Let & be a group andH, K solvable

subgroups off;. Suppose thaf =1¢;. Then HE is a
solvable subgroup.

Proof: SinceK =1, HK = KH and soHK is a subgroup
of 7. Since H is solvable,H /H[K is solvable. Then
H /HMK is isomorphic toHEK /K . HenceHK /K and
K both are solvable. ThidK is solvable.

Proposition: A maximal solvable normal subgroup of a
group (if exists) is largest solvable normal sulogro

Proof: If M is a maximal solvable normal subgroup &hd
a solvable normal subgroup, thefiM is also solvable
normal subgroup. SinceM supposed to be maximal,
HM = M and soH = M.

Corollary: A solvable group is simple if and only if it is a
cyclic group of prime order.

Proof: Assume thais is prime cyclic, then it is abelian. So
¢'=[G,G] = {el. Hence the derived series @& is

G = {e}. So (¢ is solvable. Conversely, lef be a
solvable which is simple. Thef'=[, ] is a subgroup of
z. Since {z is simple, it has no normal subgroup. Thus
[¢,G]={e] so(7 is abelian. Hence it is prime cyclic group.

Example 7: Every group of ordejpg wherep andg are

prime is solvable: Ifp = g, then {7|=p* and so it is
abelian. Hence it is solvable. Suppose tpaf g and

p = g. Then the Sylowp —subgroup P of G is

normal. ThenP and (¢ /P (prime cyclic) are solvable.
Hencef is solvable.
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Example 8: Every group of prime power order is solvable:
Let |G|=p™. The proof is by induction om. If n =1,
then {7 is prime cyclic and so solvable. Assume that the
result is true for all those groups of ordgs%, m < n.
Since ¢ is prime power orderZ{G) % {e}. Hence

| /Z{G) |= p™ for some m < n. By induction
hypothesis ¢ /Z{G)is solvable. SinceZ{G)is abelian,
thus(r is solvable

Example 9: Every groupir of orderpgr wherep, g andr
are distinct primes is solvable: Ttelowr — subgroup
R of &z is normal which (prime cyclic) is solvable. Also

|G /R |=pq and soG /R is also solvable. Hencg is
solvable.

D. Nilpotent Groups

Definition 1: Let &7 be a group. Define subgroupg ({7}
inductively as follows: Ly(G)=G, Li(G)=[G, Ly(G)]
=[&, G]=G'. Assuming thatL,{G} has already been
defined. DefinelL,:1{G)=[G, L,(G)]. Ly(G)=G 4 G,
Li(G)=[G, Lo(G)]=[G, @] 4 Ly(G)=G. Assumel,, (&)
=1 (7. Since if4 and B are normal inf, then [4, B] is also
normal inG. SolL, .1 (G)=[G, L,(G)] =1 G andL,, 4 (&)
=1 L,.(&). Therefore by induction hypothesis this is true
for all n. This gives a descending serifs=L;({G)=
Li(G)=L,(G)=... 2L,(G)= ..of G called theLower
Central Seriesof G. Lo(G)=G= G°, L41(G)=[G, GI=G".
Assume G™ =1 L, (G). L,:1(G) =[G.L,(G)]. Since
Gr«a ¢ and G" = L (G Then E™ 6" 4
(G, L,(G)]. Thus G**1 = L,.,(G). Therefore by
induction hypothesis this is true for @l

Definition 2: Define normal subgroupsZ, (&) of &
inductively as follows: Define normal subgroup
Zy(G)={e} , Z;(G)=Z(G) the center ofz. Observe that
Z6) S ZG=Z(G [/ Z,(G))the center of7 / Z5(G).
Supposing that Z,,{) has already been defined, define
Z,1(6) by the equatiorZ,: (6) / Zu(6)=2( G / Z,(6)).
Thus we get an ascending serfef=Z,({7)2Z,(G)=
Z,(G)=2...2Z,,(F)=2 ... of normal subgroups of7 . This
series is called the Upper Central Serieszof

Example 1: 53, Zo(S3)={1}, Z1(S3)={1}, Z( 53/ Z1(33))
;3(2;5}33 [/ 21(83)=Z5(53) /{=E(S3/ {12, (53)=
zlagl

Theorem 1: The lower central series f terminates to
e} at then®™ step if and only if the upper central series
terminates tcG at then®™ step (i.elL,(G)={e} if and only

if Z,(6)=6).

proof: Suppose thatl,,(G)={e}. We show, by induction
on i, that L, ;(G)SZ;(G) Vi For i=0, L,_g(&)
=L, (G)={e}=Z,(G) and so the result is true for O.
Assume that,,—;(G)<Z;(G). We show that,_;+1,(G)
cZ;.1(G). Let @g€l,_;—4(G). Since L,_;(G)=[G,
Lp-i-1(G)), xax latel,_;(G)cZ;(G)V x€ G. This
shows thatxZ,(7)af;(G)=aZ . (G)xZ{G) V x€ G.Thus
aZ;(G) belongs to the center of; /Z;(G). By the
definition a€e Z;.4(G). Putting i =n we find that
Z. (). Conversely suppose that, (7)= G. We show, by
induction, thatL;{G)<Z, _;(G)Vi. For i=0, Ly{G)=
Z,(G) and so the result is true far0. Assume that
L{G)SZ, _; (). We show that L;.4(G)SZ,_;_1(G).
From the definition of L;44 (), it suffices to show that
xax ta'€Z,_,_41(G)V x€ G and a€l; (7). Let a €
L;(G). Since L;(G) is assumed to be contained in
Z,_:(G), a€Z,_;(G) . But, then by the definition of
Z,_;, Z,_;_1 (@) belongs to the center & / Z,_;_1 ().
Thus xZ, i 1(G)aZ,—;—1(G)=aZ, ;-1 (6)xZ,——1(G)
for all x€ G .This means thaxa(ax) 3€Z,_._1(G)
Wx€ 7. This completes the proof of the fact that
L(G)<Z,_;(G) ¥i. Puttingi = n, we get that L,, ()
=Zy(G) = {e} .

Definition 3: A group { is said to be nilpotent if
L,(G)={e} or equivalentlyZ, (G)=G for some n . A
group is said to be nilpotent of classif L, (G )={e} but

L,_1(G)#{e} or equivalentyZ . (G)=G but Z,,_; (G }HG.

Proposition: Every nilpotent group is solvable.

Proof: Let & be a nilpotent group. Therefore the lower
central series must terminates {g} at the n** step,
i.e.L,(G){e} ThenG=Ly(G) = Li(G) = L,(G) =...=
L.(G) ={el. Since™ =1 L, (G). ThusG™ ={e}. Hence
G=6G"e Gl . B G" = {g}. Which
shows that7 is solvable.

Remark: A solvable group need not be nilpotent. For
example in 53, Lo(S3) =53, Ly(53) =[53, 53]=4;,
L,(53) =[S3 As]= A5 Therefore lower central series not
terminates tc{e}.

Proposition: A Subgroup of nilpotent group is nilpotent.

Proof: Let H be a subgroup of nilpotent groifp Since
H C G. ThusLy(H)SLy(G). Assume thal; (H)c L; ().
L1 (H)=[H, L;(H)] €[ G, L(G)] . ThusLy4(H) € L;(G)vi.

Proposition: Homomorphic image of a nilpotent group is
nilpotent.
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proof: Suppose f: G; _,G; be a surjective
homomorphism. i.ef(G;)=G, and& is a nilpotent group
.Therefore lower central serieG=Lg{G;)=l1(G;) =
Ly(G)e . . . =L, (Gy)={e,]} is terminate am®™ step.
f(Lo(G1))=F(G1)=G>=Lo(G;). Assume thatf(L,(Gy])
=L, (G2): FULyp41 (G )I=F([G1, L (6)])= [F(6), AL, (G)]
=[G, ,L,(G1)]FL,210G2).  Therefore by induction
hypothesisf( L, (G1))=L,,(G2) V n. Sincel,,(Gy )={e4 },
f(e )=e;=L,(G,). SoG, is also nilpotent.

Proposition: Quotient group of a nilpotent is nilpotent .

proof: Let ¢ be a nilpotent group anf#f<2(. Let aH,
bHeG /H.

G /H, G /H]=<(aH) '.(bH)™'. aH.bH|a,beG
>=<qg~1H.b~'H aH.bH.|a,beG>=<a b labH |
a,beG>=[G,G]H /H (~a~1b! abe[G, ). Lo(G /H)
=G /H =Ly(G)H /H. Assume thatl, (G /H)=L,(G)H /H.
Ln+1(G /H)=[G /H, Ln(G /H)=G /H, Ln(G)H /H]=
[G,L,(G)JH /H (from above),.,(5)H /H= L, .,(6)H /H.
Therefore by induction hypothesis,L,, (G /H)=
L,(G)H /H. SinceG is a nilpotent group so a™" step,
L,(G)={e}. Thus L. (G /H)={elH /H=H /H=H.
Therefore(s /H is also nilpotent.

Remark: If H and(F /H are nilpotent. The!r is need not
be nilpotent. For example§;. A5 =155 Since 45 is
abelian so it is nilpotentSg /45 = [1,—1} is also
abelian, so5; /A5 is also nilpotent. But5y is not
nilpotent.

Proposition Direct product of finitely many nilpotent
groups is nilpotent

proof: It is sufficient to prove that direct product efd
nilpotent groups is nilpotent . SuppoBkkand K be two
groups.

(Hx K)'=[H xK ,H % K]
=€y k) (R ) 7 (hy ey ) (hp k)
€EH X K>
=<ty ks TV (ha LR (R ke (R ko)
| (hyky), (hoky)EH XK =
‘{hflh:_lhih: :kl_lk:_l kiks) (hl,k].}: ':hz.kzj

(hl.. kl}: (h’ 2, k!)

@)

€ H xK ==H Hx[K,K]=Lo(H X K)=H »x K=L;(H) x
Lo(K). By induction onn we have to show that
L,(Hx K)}=L,(H) *L,(K)V n. Assume thal, (H % K)
=L, (H) % L,(K). Lys1(H x K)=[H = K, L,,(H x K]

=[H % K Ly (H) XL (K)I=[H, L,(H) ] x [K,L,(K)](fro
m above)L,s1(H) x L,:+1(K). So by induction
hypothesis L, (H x K)=L, (H) » L,(K) Vv n. SinceH
and K are nilpotent. So supposé,(H)={e} and
L,(K)={e}. Let k=max(m,n). Then L. (HxK)=
L (H) x L (K)={e} x {e}={(e, e)}.

Proposition Let ¢ be a nontrivial nilpotent group. Then
Z(G) # {e}. Thus in a nontrivial nilpotent group there is
an element different from identity which commutettwi
each elements of the group.

Proof: Suppose thatZ{G)= f{el. Then Z,({G)=Z(&)
= {e}. SinceZy(G) /Z1(G)=Z,(G) /{e}=Z (C /Z,(G))
=Z(G /{e})=Z(G) /{e}={e} /{e}, Z1(G)={e}. Proceeding
inductively, we see thaf, (G) = {e} for all n. Hence
Z,.(G) can never bi§ and sag is not nilpotent.

Remark: A solvable group need not be nilpoteit; is
solvable but, sinc&(53 ) = {I}, it is not nilpotent .

Proposition: Let H be a normal subgroup of a growp
contained in the centeE(G) of & such thatG /H is
nilpotent. Then is nilpotent.

Corollary: A group  is nilpotent if and only if
G /Z{G} is nilpotent.

Corollary: Every finitep — group is nilpotent.

Proof: Every finitep — group is of orderp™ for somen
.The proof is by induction om. If |G|=p , then{r is
prime cyclic and so nilpotent. Assume that evemugr of
orderp™, #n < n is nilpotent . Letz be a group of order
p™ Then Z(G) # {e] . HencelG /Z(G)|=p™ m < n.
by induction hypothesi& /Z{ (&) is nilpotent and s is
nilpotent.

Corollary: If All sylow subgroups of a finite group are
normal, then the group is nilpotent.

Proof: If All sylow subgroups are normal, then it isedit
product of it's sylow subgroups which are primeveo
ordered groups. Since prime power ordered groups ar
nilpotent and direct product of nilpotent groupse ar
nilpotent, then the group is nilpotent.

Corollary: Maximal normal nilpotent subgroup is the
largest nilpotent subgroup.

Definition 4: Let H be a subgroup of a grou® Define a
sequence N:"(H)ln € NU{01] of subgroups ofi
inductively as follows: Define"ni'.gﬁ(H):H. Assuming that

International Journal of Scientific Engineering and Technology Research
Volume.02, IssueNo.19, December-2013, Pages:22234£22



M URTADHA ALI SHABEEB, DR. SWAPNIL SRIVASTAVA

NZ"(H) has already been defined, defin"nf*.gn+1

=Ng(Ng"(H)). Thus we get
H=N;(H)=N;\H)=N(H)= ..

(H)
a ascending chain
SN (H)2 ...

Proposition: Let f be a nilpotent group of ordgr . Then
N:"(H)=G for all subgroups of G .

Proof: We show by induction on that Nz'(H)2Z;(6)
Vi. Z,(G)={e}cH=N:"(H), Z,(6)=Z(G)=N.(H)
(a € Z(G)=aH= Ha). Assume thatN:'(H)22Z,(G).
Then to show thaZ ., (G)SN: T} (H), ora Z,.,(6)=
a Ng'(H)=Ng'(H) @, or axa~1eNg'(H) Vxe Ng'(H).
Z;41(6) /Z;(G)FZ(6 /Z(6)). a€Zisy(6)= a7 (6). v 7,(R)=
xZ,(6). aZ,[G)>axZ;(G)=xaZ; (GIVxeG=>Z,(G)ax
=Z,(Glxa vxeG=axa tx leZ,(Gvxe G=axa !
€Z,(6) VxeN(H) (N;'(H)SG)=axa~tx 1N (H) (
«Z.(G)SN(H))=>axa €N (H)Vxe Nz (H)=>aeN,
(N:'(H)) vxe N (H)=aeN: "X (H)Vi. ThusZ,.4(G)
QNGHI(H). Since ¢ is nilpotent group of indexn.
Therefore Z,{G)=. Since Z,(G)SN;"(H). G<
Ng"(H)SG. Thusz=N;"(H)V subgroupH of &.

Definition 5: A group & is said to satisfy Normalizer
Condition if every proper subgroup is properly @néd
in its normalizer.

Corollary: Every nilpotent group satisfies normalizer
condition.

Proof: Let & be a nilpotent group of clasga. Then
Nz"(H)=G for all subgroupsH. If H is a proper subgroup
and it is not properly contained M. (H) thenNz{(H) = H
and solV;"(H)=H = , a contradiction.

Proposition: If a finite group satisfies normalizer
condition, then all its sylow subgroups are normal

Proof: Suppose thair satisfies normalizer condition. Let
P be a sylow subgroups «f. ConsiderN;(F) the
normalizer of P. Then Nz (Ng(P))=Nz(P). Hence
Ng"(P)=Nz(P)¥n=1. Since the group satisfies the
normalizer condition}Vz{P) cannot be a proper subgroup
of 7. ThusNz(F) = & and saP is normal ing.

Corollary: A finite group( is nilpotent if and only if all
it's sylow subgroups are normaliin

Proof: Suppose(r is nilpotent then all it is Sylow

subgroups are normal. Thus is direct product of it is
sylow subgroups. Conversely suppose all sylow suljs

are normal. St is direct product of it is Sylow subgroups.

We know that every finiteg — groups are nilpotent. So
all sylow subgroups are nilpotent. Since directdoict of
nilpotent groups are nilpotent. ThiFsis nilpotent.

Corollary: A finite nilpotent group is direct product of it's
sylow subgroups.

Theorem 2: (Wielandi). A finite group is nilpotent if
and only if all it's maximal subgroups are normal.

Proof: Let {7 be a finite nilpotent group and a maximal
subgroup of . Then, since it satisfies normalizer
condition, Nz(M) properly contains M. Since M is
maximal, N;(M) =6 and soM is normal. Conversely
suppose that all maximal subgroupsibfare normal. We
show that all sylow subgroups are normal. |Fetbe a
Sylow p — subgroup of G. Suppose thalVg(P) = G.
Since( is finite there is a maximal subgro containing
Ng(P). But thenN;(M)} =M a contradiction to the
supposition that all maximal subgroups are norrHahce
all sylow subgroups are normal and@ nilpotent.

E. Frattini Subgroup

Definition 1: Let & be a group. If has no maximal
subgroup, then we define the Frattini subgroup Gof
denoted by®{ (7]} to bels itself. If & has maximal subgroup
then Frattini subgroup (¢} of & is defined to be the
intersection of all maximal subgroup &. Thus if M
denotes the family of all maximal subgroups &f then
@ (G) = Ny H.

Example 1: ¢(5,) = {I} for 4; and{l, (12)} are maximal
subgroups off;. (5.} =1{I} for 4, andV;.{I.(12)}are
maximal subgroups and their intersection is trivial
Also #(5,)={I},n= 5 for the only nontrivial proper
normal subgroup of,, is 4, which is not largest

Definition 2: Let & be a group ana £ . Thenx is said
to be a non-generator if whenev2iis generated by and
a set¥, thenG==x X =,

Theorem 1: The Frattini subgroup(5) is the set of all
non-generators af.

proof: Supposea is a non-generators df and H is a
maximal subgroup. I& & H, thenH is a proper subgroup
of < H,a =, and so by maximality: H, a = = &. Buta is

a non-generator, and henke = & which contradicts the
maximality of H (maximal subgroups are always proper).
Therefore a e H and as this holds for all maximal
subgroups H. Thus a € @(G). Conversely, suppose

a € ®(6), soa belongs to all maximal subgroups@fwe
show thata is non-generator. Assume that, for some set
X, ae X and {a}UH generatess. If = X = # &, then
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there exists a maximal subgroud of Gwhich contains
= X =, possibly= X = itself, that is,=< ¥ = = K < . By
supposition,a € K and so= a,H ==&, hence& =K
which is impossible. Hence X == & anda is a non-
generator.

Proposition: ${7} = G.

Proof: Let @(G)=MgepH. g® (Glg  =g(Nyopyy H) g™t
=NyoelgHg™) (conjugate of maximal subgroup is
maximal)=#(G]}. Hence®(G) 2 G.

Proposition: Let & is a finite groupH is a subgroup cf
and G= H () thenG= H.

Proof: If & = H, then there exists a maximal subgrdlp
of G which containsH poosiblyH itself. Now ®(G) < K

by definition, therefore 6= H () < K, which is
impossible. The result follows.

Proposition: (Frattini Argument) If & is a finite group,
Ka6 and P is a sylow subgroups of, then
G = N;(PIK.

Proof: Forge G, g 'Pg S g 'Kg=K,asP =K 2 G.
Hence both? andg~*Pg are sylow subgroups & (they
have the same order, and sofipfow 2 they are conjugate
in K). Therefore, we can findke XK to satisfy
k~t(g~tPglk=(gk) ~*P(gk) = P. Thus gk € N (P}, and
S0 g& Ne(P1k™* S No(PIK =G. The result follows
because this argument applies taga# .

Theorem 2: Frattini subgroup of a finite group is nilpotent.

Proof: Let & be a finite group andP a sylow

p —subgroup of the Frattini subgroup. It is sufficient to
show thatP is normal in®{G). If (G} = {&} there is
nothing to do. Suppose th&lG) = {e]. Using the Frattini
Argument we haves = N (F)#(6), as ¢(G) 2 6. By
with H = N-(P}, we obtainN; (P} = G, which givesP 2
&(G). The result follows as this holds for all sylow
subgroups o (G},

Theorem 3: (Wielzndt). A finite group is nilpotent if
and only if¢" € €(G).

Proof: Let & be a finite nilpotent andd a maximal
subgroup. Then from of Wielan# is normal subgroup of
. Since H is maximal, / H is a group without proper
subgroup and so it is prime cyclic, in particuldrekan.
But thenG' = H. This show thatz' © ¢(5}. Conversely
suppose thei’ £ €{G). Then every maximal subgroup of
& containsi' and so every maximal subgroup is normal.
By the of Wielandf= is nilpotent.

Il. BASIC FROM LINEAR ALGEBRA
Definition 1: A ring (R, +,7) is a honempty set containing
at least two elements with two binary operationtssfas
the following conditions:
1. (&, +) is commutative group whose identity element is
denoted byl.
2. (R, ") is a semigroup group.
3. The binary operation distributes over + from left as
well as from right.

Definition 2: A field (F,+, ) is a nonempty set at least two
elements with two binary operations satisfies th#ing
conditions:
1. (F,+) is commutative group whose identity element is
denoted byl.
2. (F {0}, ) is a commutative group whose identity
element is denoted hly
3. The binary operation distributes over + from left as
well as from right.

Definition 3: Let B be a ring with identityl. A left
R —module is an abelian groui( +) together with a map
-from R = M to M (the image ofd, m) under- is denoted
by @ -m ) such that.

1. (@+b)ym=a-m+bh-m

2. a-m4n)=a-m+a-n

3. (gb)r m=a- (b m)

4, 1-m=mforalla, b € R andm,n, e M.

In the similar manner we can define right modui¥e. say
that M is a left(right)R —module orM is a left(right)
module oved.

Remark: If R is a commutative ring, then every left
R —module can also be considered as a rfijatmodule.
In this case we simply say thifta R —module.

Definition 4: A module over a field* is called a vector
space oveF.

Example 1:Every abelian groupd(+) is aZ —module.

Example 2:Let R be a ring with identity. Therf(+) is an
R —module.

Definition 5: Let fif be a leftR —module. A subsel of M
is called a submodule &1 if:

1. N is a subgroup ofi{,+)

2. The map: from R x M to M induces a map from
Rx N to N. In other wordsa *x € N ¥a € B and
x € N. Thus a submodule is a module at it's own
right. In case of vector space submodule are called
Subspace.
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Definition 6: A left R —module M is said to be finitely
generated if it has a finite set of generators.iitely
generated vector spadkover a fieldX is also said to be
finite dimensional.

Definition 7: Let 5 be a nonempty subset of a left
R —module M. An elementx € M is called a linear
combination of members d¢fif:

x=mx, +a;x,4+ . .. +a,x, for somea,, a,, ...
8, ERandxy, x4, ..., x, M.

Definition 8: A subsets of a left R —modulel is called
independent if:

1. 0e5§

2. Given a finite subset £,, x;, . . . ,xyjof 5 with
iFj, oy, +ox,+ . . .+
Gpi, =0 = g;x; = 0Vi

x; #x;,  for

A subset which is not independent is called depetnde

Definition 9: A subsets of modulel is called Linearly
Independent if given a finite subsek{, x5, . . . ,x,} of

Sxi#x;, for iF), exitex+ .+
max, =0 = g; = 0vi. A subsets which is not linearly
independent is called linearly dependent.

Definition 10: Let ¥ be a vector space over a fiekd A
subsets of ¥ is called a basis o¥ if it satisfies the
following conditions:
1.5 is a maximal linearly independent.
2.5is linearly independent and § == V.
3.Every element ofV" is a linear combination of
elements of5 and the representation of an elemsnt
as a linear combination of elementssofs unique in
the sense that if

E=mx eyt tapgry=Fn Hhw ..

5% ¥m 2

wherex,, x,, . . . ,x, are distinct members of, v, ¥, . .
.+ ¥m are also distinct members &fand a;, g; are all
nonzero, then

1l r==s

2. After some rearrangemest= §; ¥i

3. Sis a minimal set of generators.

Definition 11: Let I be a finitely generated vector space
over a fieldK. Then the number of elements in a basi¥ of
is called Dimension of¥ over K. If ¥ is not finitely
generated then we say that it is infinite dimenaion

Definition 12: Let ¥ be a vector space over a fieid A
map f:¥V = ¥V — F is a bilinear form oV’ if f satisfies the
following conditions:

1 flx+y2)=flx.2) + flrz)
2. flew+z) = fle.y) + flx2)
3. flax.y) = af(x. y) = f(x.ay)

For all x,y,z € ¥ and for alla € F. Thus, if f is
bilinear form on¥, then f(x, ¥)is a scalar inF for each

pair (x.y).

Proposition: Let f be a linear form on a vector spaie
over a fieldF.
1. For a fixed x € ¥, the mapL,:V —= F given by
L.(y) = f(x, ), forally e V, is linear.
2. For a fixedy e V, the mapL,:V —F given by
Ry(x) = f(x,y), forallx € V, is linear.
3. Forallx e V, f{0, x) = f(x, 0) = 0.
4. If gix,v) = fi{y, x) for x,y € V, theng is a bilinear
form on¥.
5. For all x,y,z,weV, flx +v,z4+w) = f(x, )+
flax,w) + fly, 2)+ fly, w).

Example 3:1n any vector spack over a fieldF, there is a
trivial bilinear form given byf(x, ¥)=0, whereQ € F is
the zero of the field®. We will refer to this form as the
zero bilinear form or¥” which is identically zero.

Example 4:1f ¥ = F", the vector space of column vectors
orn ¥ 1 matrices oveF, then we can get a bilinear forfn
on ¥ just like the dot product o™ by f(x, y)=x‘y for

x, ¥ € V. The matrix product®y is a scalar irF.

Definition 13: Let L andR be the linear maps defined as:
L{(x) =Ly ,R(y) =R,. Then:

Vie={xeV| f(x,y)=0eFforaly eV}
Vit={yeV| flx,y)=0eFforalv eV}

Let f be a bilinear form on a vector spaég If
V+r = Ve thenV* = V& = V¢ call radical off.

Definition 14: A bilinear form f on a vector spac¥ is
said to be non-degenerate Wt = [0} or equivalently
Vir = {01,

Definition 15: A bilinear form f on a vector spac¥ is
symmetric if f (x, ¥) = f (v, x) for all x, y € V.

Example 5: In the (example 3.5.21) and the (example
3.5.22), the bilinear form is symmetric bilinearrfo

Example 6: For the vector spacié = F*, any fixed matrix
A e M,(F), a bilinear formf; on¥ is given byf,(x, ¥) =
xTAy for x, v € V.A matrix A € M,(F) is said to be
symmetric ifA' = A, Now (x'Ay) = y A% (") = y%Ax = fi(v, x).
On the other hand xf4Ay being a scalar,
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(x"Ay )t = x4y = fi(x, ¥). It follows that f(x,v) =
fi(w, x) for all for all x,y¥ € F". Thus, the symmetric
matrix A forces the bilinear formf; on F" to be a
symmetric form.

Definition 16: A bilinear formf on a vector spac¥ is
skew-symmetric iff (x, ¥) = —f{v,x) forallx, y € V.

Theorem 1: Let ¥ be a finite dimensional vector space
over a fieldF. Let f:¥ xV — F be a non-degenerate
skew-symmetric bilinear form ofi. Thendim(V} = 2m
for somem £ N and there exists a bas&={x,, x5, . . .
Y Xm Ve, Yo, .. Vet Of ¥ osuch thatf(x;, ) =1 wi = 1.2,

L, N and f(xl'! -rj) = f(J’l!_‘J-J) =0 Vf,_.f ’ f(xia}:j') =
Owi = .

[ll. EXTRA SPECIAL p-GROUP
Definition: A finite non-abelian group is called extra
specialp-group if Z{(5) = ¢ = #(5).

A. Extra Special p-groups of order 8.

Here we have discussed extra spegigtoup of order
8. We have find that there are only two non-isomarph
extra speciap-group of ordeig, one is@y and second is
o,.

Theorem 1:1f  is a nonabelian group of ord2t = 8 then
it is isomorphic to eithel, or ..

Proof: Let & be a nonabelian group of. The non identity
element inz have ordeg or 4. If all elements are of order
2, then (ab)?=1 or abab =1 , ba=a’bak’=
mababb = alabablb = ab. Thus the group is abelian.
Hence there must be an element of ofleé8upposeaz € &
and the subgroup generated kyis of order4. Since

= a = has index2 in &, then it is a normal subgroup.
Thereforebab™ €< a == {1, &, a%, a®}. If bab~t=1
thena has ordeil, so that cannot be. The same thing goes
for bab™* = a? since that implies thaba®b™* = a* =1,
which would mean that has orderZ so that cannot be
either. If5~* = a , then the group is abelian so this is also
an impossibility. Therefores=* = a® = a~! . The group

G /< a= has order?, so b e<a=={1, g a", a'}.
Sincek has ordet? or 4, k* has orded or 2. Thush® = 1

or b? = g®. Putting this togethers == a, b = where
eithera* =1,b* =1 ,bab™* =a ' ora* =1, b* = a’

, bab~t = g~ In the first case&s = D, and in the second
caselr = {y.

B. @z Hamiltonian Group: One of the most famous finite
groups is the quaternion grou}y . This group generated
by the matrices

=0 D=t Yi=(% D=0 @

b

Using matrix multiplication, we havdl; = {+1, +i,
4+, £kl andi® =jT=k =-1, ij = —ji =k, jk= —kj =1,
ki = —ik = j. Thus it is non-abelian group. Moreo\ieis
the identity off)y and —1 commutes with all elements of
.. Also, j, k have orde# so any two of them generate the
group. Therefore the presentation@fis:

<a,bla* =8 =1, bab =gt = 4)

Puttingi =a, j=5b , k=ab.Thus {J; , .) is a group of
order 8 called the Quaternion Group of degr&eor
Hamiltonian Group (after the name of Hamilton}]. 1
Wi,-1,i,—-i}{1,-1,j,—}and{l,—1,k,—k}are
non trivial proper subgroups @. Z(Q.) ={1 ,-1},0, =
{1,-1} Q¢ /{1, -1} = V is a group of ordet, therefore
it is abelian. Thus@. < {1, —1}. Further since@Q.is
nonabeliang, # {1). Hence(, = {1,—1}. ®(Q.) = {1,-1}.
Therefore (0.} = ¢. = ®(Q.). Thus Q; is extra special
group.

C. By Dihedral group: The dihedral groug, is one of
the two non abelian groups of orci2rAn example oy, is
the symmetry group of the square. Rotating the requa
gives rise to four symmetries. We will label them a
follows:

P W Ry p W
e

G B G B

P W Rso W B
S

G B P G

p \ Rigo B G
e

G B W P

P W Ra-c G P
P

G B B W

P W H G B

G P P W

P W v W P

G P B G

P W D P G

G B W B

P W D! B W
—_—

G B G P

Fig 1: Symmetrics of rotation ofy; Dihedral group
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Ry =Rotation of 0° (no change in position).
R, =Rotation of 90° (counterclockwise).

R,z; =Rotation of 180

R.-; =Rotation of 278

H=Rotation of 18Babout a horizontal axis.
V=Rotation of 180 about a vertical axis.
D=Rotation of 180about the main diagonal.
D'=Rotation of 180° about the other diagonal.

The improper group d, is {R;, Rey, Rygy Rarg H.V.D, DL
The prober subgroups of D, is {Ry Riepl,
{Ry. Rag. Rygp. Ry}, {Ry. Rygg, H.V} and{Rg, Rygp. D, D1
Since HD#DH, thus D, is nonabelian group. The
presentation o, is:

<a,blg*=0=1bab =gt = (5)

Also Ry is the identity ofD, and Rz, commutes with
all elements of?,. The operation table fdi, is:

TABLE 1: OPERATION TABLE FOR )

Ry |Rep |Rygp |Rag|H |V D | D
Ry | Ry |Rsp | Ry |Rpp|H |V D | D
Reg | Rep |Ryeo | R2g |Rp |D |D |V | H
Rgso | Rigo | Rano | Ry Ry, |V |H | D
Ro | Ry | Ry | R D |D |H |V
H |H DV Ry | Rigo | Raro | Ry
V |V |D [H |D |Rum| R |Re | Ao

Further,Z(D,) ={ Ry, R.0}. Dy ={Rp. Ry} 03 /Ry Puspl 2 W,
is a group of orderd, therefore it is abelian. Thus
D," € {RyRyg). Further since Dyis nonabelian,
D, # {Rp}. HenceD,' = {Rg, Rigp}. 2(D0,) = {Ry. Rigo ).
Therefore(n,) = D, =®(D,). Thus D, is extra special
group.

IV. GROUPS OF ORDER p*

For any primes, there are five groups of ordg# up to
isomorphism From the fundamental theorem of abelian
groups there are three different abelian non-ispimor
groups of order p?, namely Z,:, Z,2xZ, and
Z, %I, %I, These are non isomorphic since they have
different maximal orders for their elements. Theotw
nonabelian groups of ordg® have different descriptions
for p = 2 andp = 2. So will treat these cases separately.

Theorem 1: If G is nonabelian group of ordgs®, then
Z(G) has ordep.

Proof: Let & be nonabelian group of ordgf, ¢ is prime.
Since the center is a subgrouptofTherefore it has orders
1,p, p% orp®. Forp — groups, the center never be trivial,
so it is cannot be of ordel;, thusZ(&) = {e]. Sincel is
not abelian group, therefo®[G) = . If Z(&) = p?, then
|G/Z(G)|=p. ThusG/Z(G) is cyclic. But by is abelian.
Contradiction withi is not abelian group. ThU€(&) |=p
andlG/Z(G) |=p®.

Theorem 2: If G is nonabelian group of ordgé, then the
commutator subgroug;'= [, G]=< (&, b) |a , b E G =,
has ordep. .

Proof: Z{ &) is normal subgroup c¢%. In a group of order
v, |6/Z(6) |=p*. Thus G/Z(G) is abelian. Thus
G'C Z{G). Since & is nonabelian, ther&' is nontrivial.
Thus &' must be proper subgroup &f Therefore the only
possibility is 6" =Z(G). Since the Frattini subgroup
contained in the center of a group. He&l&) = Z(G).

Corollary: Every group of ordeis? is extra speciap-
group.

A. Extra Special p-group of order p*™+1
A group & is said to be the Central product of it's
normal subgroupé, , G,, . . . G, if :

1. G =GyG,. . .G, .

2. Z(G)S G vi and G/Z(G) is direct product of
G /Z(6G), G /Z(GY, . .. G /Z(G).

3. [G,G]l=evi=]

Theorem 1: A finite abelian p — group which every
element (non-identity) having order p, which isidefl as
elementary abelian group, can be treated as arvegaze
over a fieldz,,.

Proof: Let ¢ be elementary abelis; — group. Define a
map fromz, x ¢ to G such that: (¢,a) = - a = a".

(@+B)r=(atf) r=x*F=r+x+ 4% +x +x + -~ +x
o—-times §—timss

=+ xf =g+ fx (6)

@G ty) = (x4 0) =ty eyt tindy) srtxttx
G-times z-timss
yry+-ty=x+yt=axtay (7

& —Cimes

(@8 x=(aB) ~x =(B.a) x=xFe=x4x++x
gf—timss
3 tx 4t = (5. ®

f-timss
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)

Theorem 2: Let & be a finite extra special group. Then it
is central product of non-abelian groups of orgér In
particularG is of orders*™** for somerm.

Proof: SinceG = Z(&). Leta,, a; € G andx € G. Then
X, Oy @) XE 8% T(aa, ) =xay e, x ey T e, 7=
rayxr ey ey ra.xTte, " tey Tt Since &, ay), (x,8;)
€ Z(G). Thus &, a,) ay (x, a;) a, " '=(x, ;) (x, a). If
a,=a;=a, then we have i a®)=(x,aa)=(x,a)
(x,a)=(x,a)®.  Thus by induction, we have
(x, a®)=(x. a1 ® vk e N. In particular £, a?)=(x,a)?
=e ¥x € G. Hencea® € Z(G)=G ¥a € G. ThusG/Z(G)

is an elementary abelign— group and so it is a vector
space over the fieldZ,. Since &, a)e ¢=Z(G) and
|Z(G)|=p. ThereforeZ(&) is cyclic group. Letc be a
generator of Z(G7) such thatZ{G)=< ¢ =={ &, ¢, ¢%, . . .

,cP ™Y Let x,v e G andu, v € Z(G). Thenu=ct, v=¢/
for somei, j. Now (xu, yw)=xuyr (xu)” (ye) =xuypv
utx~t vy l=eyx~tyi=(x, ¥). Thus we have a map
F: G/Z(6) % 6/Z(6)— Z(6) defined byf(xZ (61, v2(G))
=(x, ¥)= ¢/ for somej. Also we have a mafy: Z(G) — Z,
defined by 8(c')=T. Let f:&=f. So f:G/Z(G)xG/I(G)
— Z, which satisfiesc/ 2 @32 = £(x7(G), yZ(6))=
(x, ¥). SinceG/Z(G) is an elementary abelign— group
so f is bilinear form on a vector spad®'Z(G). Since
(x, ¥)=(v.x)"%, so if (r, ¥)=c/, then {§, x)=c=i. Then
FxZ(G),vZlGN=—Ff(vZ(G).xZ(G)). So f is skew
symmetric bilinear form. Next assume tla¢ & such that
f(xZ(6),yZ(6))=0 wy eG. Then f(xZ(G).yZ(G))=
(x, v)=c"=e wy € €. But (x, y)=e ¥y € G implies that
x € Z(G). xZ(6)= Z(G) the identity element of /Z (G}.
Hencef is non-degenerate. Theitm({G/Z(G)) = 2m for
somem £ N and there is a basiB={x,Z(G), x,Z(G), . . .
,x Z060, v Z06), wZ(G), . . . yu Z(G)} such that
fx:Z2G), %Z(G)=1 Vi, f(x:Z(6), y;Z(6))=0 Vi =].
Also f(x:Z2(6), x ;Z2(6))=0=F (% Z(6), y;,Z(6)) vi.j. Let
;== xu.¥%; =. Then eachs (1 = i = ) is a non-abelian
group of orde®.Since Z(&)|=p and £(G;)| =p, soZ(G)=
Z(G) Wi. SOG=< x4, X5, . . . Xy Vis Vo, - - - W =. Thus
G =G, "Gy +. .. Gy. which is central product.

V. CONCLUSION

We have solved extra Specigigroup of orderp?,
wherep is even prime discussed, we have find that one is
(J; and second idl,. We have proved that every non-
abelian group of ordes? is extra special p-group. We
have proved thaf be a finite extra special group, then it is
central product of non-abelian groups of orgsgr. In
particular( is of orders*™+* for somem.
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